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Abstract
Let Y be a Banach space and (Ω,Σ,μ) be a σ -finite measure space, where Σ is an infinite σ -algebra of
measurable subsets of Ω . We show that if the couple (L1(μ),Y ) has the Bishop–Phelps–Bollobás property
for operators, then Y has the AHSP. Further, for a Banach space Y with the Radon–Nikodým property, we
prove that the couple (L1(μ),Y ) has the Bishop–Phelps–Bollobás property for operators if and only if Y
has the AHSP.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we will deal with strengthening the celebrated Bishop–Phelps theorem, namely
Bishop–Phelps–Bollobás property. For Banach spaces X and Y we let L(X,Y ) denote the
Banach space of bounded linear operators from X into Y , and N A(X,Y ) denote the set of
norm-attaining ones. We also denote the unit sphere of X by SX , and its closed unit ball by BX .
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nach space X is dense in its dual space X∗. This theorem has been extended to bounded linear
operators between Banach spaces, and also to non-linear mappings like multilinear mappings,
polynomials and holomorphic mappings. In general, N A(X,Y ) is not dense in L(X,Y ), but
for a reflexive Banach space X it is true for all Banach space Y [12]. This result is generalized
to a Banach space X with the Radon–Nikodým property [8], and also for non-linear mappings
[1,5,9].
Afterwards Bollobás [7] sharpened the Bishop–Phelps theorem, which is concerned with the
study of simultaneously approximating both functionals and points at which they almost attain
their norms by norm-attaining functionals and points at which they attain their norms. More
precisely, for an arbitrary  > 0, if x ∈ BX and x∗ ∈ SX∗ satisfy |1 − x∗(x)| < 24 , then there are
y ∈ SX and y∗ ∈ SX∗ such that y∗(y) = 1, ‖y − x‖ <  and ‖y∗ − x∗‖ < .
He obtained this Bishop–Phelps–Bollobás theorem in order to apply it to the study of nu-
merical range of an operator. Very recently, similarly to the case of the Bishop–Phelps theorem,
Acosta et al. [2] began extending it to bounded linear operators between Banach spaces.
Definition 1.1. (See [2].) Let X and Y be real or complex Banach spaces. We say that the couple
(X,Y ) has the Bishop–Phelps–Bollobás property for operators (BPBP), if given  > 0 there exist
β() > 0 and η() > 0 with lim→0+ β() = 0 such that for T ∈ SL(X,Y ), if x0 ∈ SX is such that
‖T x0‖ > 1 − η(), then there exist a point u0 ∈ SX and an operator S ∈ SL(X,Y ) that satisfy the
following conditions:
‖Su0‖ = 1, ‖x0 − u0‖ < β() and ‖T − S‖ < .
They showed that the couple (X,Y ) has the BPBP for finite dimensional Banach spaces X
and Y , and that if Y has property (β) [12], then the couple (X,Y ) has the BPBP for every Banach
space X. They introduced the approximate hyperplane series property (AHSP) as follows, with
which they characterized the Banach space Y such that the couple (1, Y ) has the BPBP.
Definition 1.2. (See [2].) A Banach space X is said to have the AHSP if for every  > 0 there
exists 0 < η <  such that for every sequence (xk) ⊂ SX and for every convex series ∑∞n=1 αk
with ∥∥∥∥∥
∞∑
n=1
αkxk
∥∥∥∥∥> 1 − η
there exist a subset A ⊂ N and a subset {zk: k ∈ A} ⊂ SX satisfying:
(1) ∑k∈A αk > 1 − .
(2) (a) ‖zk − xk‖ <  for all k ∈ A;
(b) x∗(zk) = 1 for a certain x∗ ∈ SX∗ and all k ∈ A.
It is also remarked in [2] that a Banach space X has the AHSP if and only if for every  > 0
there exist γ () > 0 and η() > 0 with lim→0+ γ () = 0 such that for every sequence (xk)∞k=1 ⊂
BX and every convex series
∑∞
k=1 αk satisfying∥∥∥∥∥
∞∑
αkxk
∥∥∥∥∥> 1 − η(),
k=1
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(1) ∑k∈A αk > 1 − γ ().
(2) (a) ‖zk − xk‖ <  for all k ∈ A;
(b) x∗(zk) = 1 for all k ∈ A.
The following Banach spaces have the AHSP: (a) a finite dimensional space, (b) a real or
complex space L1(μ) for a σ -finite measure μ, (c) a real or complex space C(K) for a compact
Hausdorff space K , and (d) a uniformly convex space. They also showed that the couple (n∞, Y )
has the BPBP for every n, whenever Y is a uniformly convex space, but they didn’t know whether
this result can be extended to c0.
However, Aron, Cascales and Kozhushkina [3] studied this question for the particular case
Y = C0(L), L a locally compact Hausdorff space in place of a uniformly convex space, and
showed that the couple (X,C0(L)) has the BPBP if X is Asplund, and also that if L is scattered,
then it is true for all Banach spaces X.
Let (Ω,Σ,μ) be a σ -finite measure space and (I,L,m) be the Lebesgue measure space,
where I = [0,1]. Finet and Payá [11] showed that the set of norm-attaining operators is dense in
the space L(L1(μ),L∞(m)). Further, it was showed in [4] that the couple (L1(μ),L∞(m)) has
the BPBP.
Unless otherwise stated we assume in the remainder of this paper that μ is a σ -finite measure
on an infinite σ -algebra of measurable subsets of Ω . In the following we show that Y has the
AHSP if the couple (L1(μ),Y ) has the BPBP. Further, for a Banach space Y with the Radon–
Nikodým property, we prove that the couple (L1(μ),Y ) has the BPBP if and only if Y has the
AHSP.
2. Results
Theorem 2.1. If the couple (L1(μ),Y ) has the BPBP, then Y has the AHSP.
Proof. The proof follows from a modification of the argument in the one of Theorem 4.1 in [2],
but for the sake of completeness we give here its details. Given 0 <  < 1, choose 0 < s < 1 so
that 0 < 2(1 − s) < 24 . Let η(δ) and β(δ) be the positive numbers that appear in the definition
of the BPBP. We next choose δ > 0 small enough to be 0 < δ < 2 and
β(δ)
1−s <

2 .
Let (yn) ⊂ SY and ∑αn be the convex series satisfying
∥∥∥∥∥
∞∑
n=1
αnyn
∥∥∥∥∥> 1 − η(δ).
Since μ is σ -finite and Σ is an infinite σ -algebra, there is a disjoint sequence {En} of mea-
surable subsets such that Ω =∑∞n=1 En and 0 < μ(En) < ∞ for all n. Let
f [n] :=
∫
En
f dμ, f ∈ L1(μ),
for each n ∈ N.
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T (f ) =
∞∑
n=1
f [n]yn.
Clearly ‖T ‖ = 1. Let f0 =∑∞n=1 αn χEnμ(En) ∈ SL1(μ). We can see that∥∥T (f0)∥∥> 1 − η(δ).
Since the couple (L1(μ),Y ) has the BPBP, there exist a bounded linear operator S : L1(μ) → Y
and g ∈ SL1(μ) such that
‖S‖ = ‖Sg‖ = 1, ‖T − S‖ < δ, and ‖f0 − g‖ < β(δ).
Note that
∑∞
n=1 |g|[n] = 1, and
β(δ) > ‖f0 − g‖ =
∞∑
n=1
∫
En
∣∣f0(t) − g(t)∣∣dμ(t)
=
∞∑
n=1
∫
En
∣∣∣∣ αnμ(En) − g(t)
∣∣∣∣dμ(t)
∞∑
n=1
∣∣αn − Re(g[n])∣∣, (2.1)
hence
∞∑
n=1
Re
(
g[n])> 1 − β(δ).
Define A = {n ∈ N: Re(g[n]) > s|g|[n]}. Then,
1 − β(δ) <
∞∑
n=1
Re
(
g[n])=∑
n∈A
Re
(
g[n])+ ∑
n∈Ac
Re
(
g[n])

∑
n∈A
Re
(
g[n])+ s ∑
n∈Ac
|g|[n]
=
∑
n∈A
Re
(
g[n])+ s(1 −∑
n∈A
|g|[n]
)

∑
n∈A
Re
(
g[n])+ s(1 −∑
n∈A
Re
(
g[n])),
hence,
∑
n∈A
Re
(
g[n])> 1 − β(δ)
1 − s .
From this, we can see that A = φ and g[n] = 0 (so, |g|[n] = 0) for all n ∈ A.
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∑
n∈A
αn 
∑
n∈A
Re
(
g[n])− ‖g − f0‖
> 1 − β(δ)
1 − s − ‖g − f0‖
> 1 − β(δ)
1 − s − β(δ) = 1 − γ (δ),
where we take γ (δ) = β(δ) + β(δ)1−s < . Clearly limt→0 γ (t) = 0.
Now, for all w ∈ BC with Re(w) > t > 0, we have
|1 − w|2 = 1 + |w|2 − 2Re(w) < 2(1 − t).
Thus, for n ∈ A, if we take w = g[n]|g|[n]
∣∣∣∣1 − g[n]|g|[n]
∣∣∣∣
2
< 2(1 − s) < 
2
4
.
For each n ∈ N we set zn = S( gχEn|g|[n] ) if |g|[n] = 0, and zn = 0 otherwise. Clearly ‖zn‖  1 for
every n ∈ N and
1 = ∥∥S(g)∥∥=
∥∥∥∥∥S
( ∞∑
n=1
gχEn
)∥∥∥∥∥=
∥∥∥∥∥
∞∑
n=1
|g|[n]zn
∥∥∥∥∥
∞∑
n=1
|g|[n]‖zn‖ 1,
which implies that ‖∑∞n=1 |g|[n]zn‖ = 1.
By the Hahn Banach Theorem, there exists y∗ ∈ SY ∗ such that
∞∑
n=1
|g|[n]y∗(zn) = 1.
Thus, y∗(zn) = 1 and ‖zn‖ = 1 for every n with |g|[n] = 0. Since T (gχEng[n] ) = yn for every n ∈ A,
we have
∥∥∥∥zn − g[n]|g|[n]yn
∥∥∥∥=
∥∥∥∥S
(
gχEn
|g|[n]
)
− T
(
gχEn
|g|[n]
)∥∥∥∥< δ < 2 .
Therefore, for every n ∈ A
‖zn − yn‖
∥∥∥∥zn − g[n]|g|[n]yn
∥∥∥∥+
∥∥∥∥ g[n]|g|[n]yn − yn
∥∥∥∥< 2 + 2 < ,
which implies that Y has the AHSP. 
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BPBP, then so does the couple (1, Y ).
Schachermayer [14] proved that the set of norm-attaining operators is not dense in L(L1[0,1],
C[0,1]), but C[0,1] has the AHSP, which shows that the AHSP of Y is not a sufficient condition
for the BPBP of the couple (L1(μ),Y ). However, in the following we show that this is true for a
Banach space with the Radon–Nikodým property. It is also worth to remark that Uhl [15] showed
that if Y has the Radon–Nikodým property and if μ is a finite measure, then the norm-attaining
operators are dense in L(L1(μ),Y ).
On the other hand, the Radon–Nikodým property of Y is not a necessary condition for the
BPBP of the couple (L1(μ),Y ), because the couple (L1(μ),L∞(m)) has the BPBP.
Theorem 2.2. Suppose that Y has the Radon–Nikodým property. Then the couple (L1(μ),Y ) has
the BPBP if and only if Y has the AHSP.
Proof. It is enough to prove that if Y has both the Radon–Nikodým property and AHSP, then the
couple (L1(μ),Y ) has the BPBP. Let  > 0 be given. Let η() and γ () be the positive numbers
that appear in the definition of the AHSP. We can assume that γ () < 1. Set ρ() = min{η(), }.
Suppose that a bounded linear operator T : L1(μ) → Y satisfies that ‖T ‖ = 1 and
∥∥T (f0)∥∥> 1 − ρ()
for some f0 ∈ SL1(μ). Since Y has the Radon–Nikodým property and since μ is σ -finite, there
exists a μ-measurable function h : Ω → Y such that T (f ) = ∫
Ω
hf dμ = 〈h,f 〉 for all f ∈
L1(μ), ‖h‖∞ = ‖T ‖ = 1 (see [10, Theorem 5, p. 63]).
It follows from [10, Corollary 3, p. 42] that there exists
h1 =
∞∑
i=1
yiχAi
(
yi ∈ BY , Ai ∈ Σ,
∞⋃
i=1
Ai = Ω, Ai ∩ Aj = ∅ for i = j
)
such that ‖h − h1‖∞ < , ‖h1‖∞ = 1 and ‖〈h1, f0〉‖ > 1 − ρ(). Let T1 : L1(μ) → Y be the
bounded linear operator represented by h1. There also exists a simple function
f1 =
n∑
j=1
αj
χBj
μ(Bj )
(αj ∈ C, Bj ∈ Σ, Bi ∩ Bj = ∅ for i = j)
such that 0 < μ(Bj ) < ∞ for every 1  j  n, ‖f1 − f0‖1 < , ‖f1‖1 = 1 and ‖T1(f1)‖ =
‖〈h1, f1〉‖ > 1 − ρ(). We may also assume that 0 < αj  1 for every j = 1, . . . , n. Indeed,
define Ψ : L1(μ) → L1(μ) by
Ψ (f ) =
n∑
j=1
e−iθj f · χBj + f · χ(Ω\⋃nj=1 Bj ),
where θj = arg(αj ) for every j = 1, . . . , n. Then Ψ is an isometric isomorphism of L1(μ) onto
L1(μ), and
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and
Ψ (f1) =
n∑
j=1
|αj |
χBj
μ(Bj )
,
hence we may replace T1 and f1 by T1 ◦ Ψ −1 and Ψ (f1), respectively. Note that
T1(f1) = 〈h1, f1〉 =
n∑
j=1
∞∑
i=1
αjyi
μ(Ai ∩ Bj )
μ(Bj )
.
Let consider the sets
I = {(i, j): i, j ∈ N, 1 j  n}, P = {(i, j) ∈ I : μ(Ai ∩ Bj ) > 0}.
We can write
h1 =
∑
(i,j)∈I
yiχAi∩Bj =
∑
(i,j)∈P
yiχAi∩Bj +
∑
(i,j)∈I\P
yiχAi∩Bj .
We will assume that P is infinite; otherwise, the proof is simpler. By indexing P , we can write
h˜1 =
∑
(i,j)∈P
yiχAi∩Bj =
∞∑
k=1
zkχCk ,
where Ck = Ai ∩ Bj , zk = yi . Hence (zk) is a sequence in the unit ball of Y . Similarly we can
write
f˜1 =
∑
(i,j)∈P
αj
χAi∩Bj
μ(Bj )
=
∞∑
k=1
βk
χCk
μ(Ck)
,
where βk  0 for every k,
∑∞
k=1 βk = 1 and we know that (Ck) is a sequence of pairwise disjoint
and measurable subsets. Also we have ‖h˜1 − h1‖∞ = 0 and ‖f˜1 − f1‖1 = 0, so
1 − η() 1 − ρ() < ∥∥〈h1, f1〉∥∥ ∥∥〈h˜1, f˜1〉∥∥=
∥∥∥∥∥
∞∑
k=1
βkzk
∥∥∥∥∥.
Since Y has the AHSP, there exist a set A ⊂ N, {xk: k ∈ A} ⊂ SY and y∗ ∈ SY ∗ such that
∑
k∈A
βk > 1 − γ () > 0
and
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for all k ∈ A. Set
h2 =
∑
k∈A
xkχCk +
∑
k∈Ac
zkχCk .
Clearly h2 ∈ L∞(μ,Y ) and ‖h2 −h1‖∞ = ‖h2 − h˜1‖∞ < . Let S : L1(μ) → Y be the bounded
linear operator represented by h2. Note that ‖S‖ = ‖h2‖∞ = 1 and ‖T − S‖ = ‖h − h2‖∞ 
‖h − h1‖∞ + ‖h1 − h2‖∞ < 2. Put
f2 =
∑
k∈A βk
χCk
μ(Ck)
β
and β =
∑
k∈A
βk.
We can see ‖S(f2)‖ = 1, because
1
∥∥S(f2)∥∥= ∥∥〈h2, f2〉∥∥=
∥∥∥∥
∑
k∈A βkxk
β
∥∥∥∥
∣∣∣∣y∗
(∑
k∈A βkxk
β
)∣∣∣∣= 1.
Further,
‖f2 − f0‖1  ‖f2 − f1‖1 + ‖f1 − f0‖1

∥∥∥∥
(
1
β
− 1
)∑
k∈A
βk
χCk
μ(Ck)
∥∥∥∥
1
+
∥∥∥∥ ∑
k∈Ac
βk
χCk
μ(Ck)
∥∥∥∥
1
+ 

(
1
β
− 1
)∑
k∈A
βk +
∑
k∈Ac
βk + 
= 2(1 − β) +   2γ () + .
Put β() =  + 2γ (), then lim→0 β() = 0. Therefore, the couple (L1(μ),Y ) has the
BPBP. 
It was showed in [2, Propositions 3.8–3.9] that every uniformly convex Banach space has the
AHSP, and that every strictly convex Banach space having the AHSP is uniformly convex. This
implies the following geometrically interesting corollary.
Corollary 2.3. Let Y be a strictly convex Banach space. Then the couple (L1(μ),Y ) has the
BPBP if and only if Y is uniformly convex.
It was also showed in [15] that in the case where Y is strictly convex, the norm-attaining
operators are dense in L(L1[0,1], Y ) if and only if Y has the Radon–Nikodým property. If Y
is a strictly convex space with the Radon–Nikodým property, but not uniformly convex, then
Y doesn’t have the AHSP. Hence, we can see that the norm-attaining operators are dense in
L(L1[0,1], Y ), but the couple (L1[0,1], Y ) doesn’t have the BPBP. A strictly convex Banach
space Y isomorphic to 1 is such a Banach space, because it cannot be uniformly convex.
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then the couple (1,Z) has the BPBP. We now are interested in the following general question:
Let X and Z be Banach spaces and Y be a 1-complemented subspace of X. If the couple (X,Z)
has the BPBP, then does the (Y,Z) have the BPBP? We have an affirmative answer in the case
where X is the 1-sum of Banach spaces.
Proposition 2.4. Let {Xi : i ∈ I } and {Yj : j ∈ J } be families of Banach spaces, X = (⊕i∈I Xi)1
and Y = (⊕j∈J Yj )∞ . If the couple (X,Y ) has the BPBP, then the couple (Xi, Yj ) also has the
BPBP for every (i, j) ∈ I × J .
Proof. Let Ei and Fj denote the natural isometric embeddings of Xi and Yj into X and Y ,
respectively. Similarly, let Pi and Qj denote the natural norm-one projections from X and Y
onto Xi and Yj , respectively.
For T ∈ L(X,Y ), we can easily see that
‖T ‖ = sup{‖QjT ‖: j ∈ J}= sup{‖T Ei‖: i ∈ I},
hence
‖T ‖ = sup{‖QjTEi‖: i ∈ I, j ∈ J}.
For given 0 <  < 1, let η() and β() be the positive numbers that appear in the definition of
the BPBP. Fix h ∈ I and k ∈ J . To show that the couple (Xh,Yk) satisfies the BPBP, suppose
that ‖u(xh)‖ > 1 − η() for u ∈ SL(Xh,Yk) and xh ∈ SXh .
Consider the linear operator U = FkuPh ∈ L(X,Y ). Note that QjU = 0 for j = k and
QkUEi = 0 for i = h, while QkUEh = u, ‖U‖ = ‖u‖ = 1 and ‖U(Ehxh)‖ > 1 − η().
Since the couple (X,Y ) has the BPBP, there exist T ∈ SL(X,Y ) and x0 ∈ SX such that ‖T ‖ =
‖T (x0)‖ = 1, ‖T − U‖ < , and
∥∥x0 − Eh(xh)∥∥< β().
Let t = QkTEh ∈ L(Xh,Yk). Clearly ‖t‖  1 and ‖t − u‖  ‖T − U‖ < . Now we want to
show that t attains its norm at Ph(x0) and ‖Ph(x0)‖ = 1.
For j ∈ J , j = k
‖QjT x0‖ = ‖QjT x0 − QjUx0‖ ‖T − U‖ <  < 1,
hence ‖T x0‖ = 1 = ‖QkT x0‖, which shows that ‖QkT ‖ = 1 and QkT attains its norm at x0.
Next, for i ∈ I , i = h we have
‖QkTEi‖ = ‖QkTEi − QkUEi‖ ‖T − U‖ <  < 1,
hence ‖QkT ‖ = 1 = ‖QkTEh‖ = ‖t‖. Since
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∑
i∈I
‖QkTEiPix0‖ = ‖tPhx0‖ +
∑
i∈I, i =h
‖QkTEiPix0‖
 ‖Phx0‖ + 
∑
i∈I, i =h
‖Pix0‖ ‖Phx0‖ +
∑
i∈I, i =h
‖Pix0‖ = 1,
we have ‖Pix0‖ = 0 for i = h and ‖tPhx0‖ = ‖Phx0‖ = 1. Further,
‖Phx0 − xh‖ =
∥∥Ph(x0 − Eh(xh))∥∥ ∥∥x0 − Eh(xh)∥∥< β(). 
Payá and Saleh [13] showed that N A(X,Y ) is dense in L(X,Y ) if and only if N A(Xi, Yj )
is dense in L(Xi, Yj ) for every (i, j) ∈ I × J . However, the other implication of the above
proposition is not true by the following.
Proposition 2.5. X has the AHSP if and only if ∞(X) has the AHSP. Equivalently, the couple
(1,X) has the BPBP if and only if the couple (1, ∞(X)) has the BPBP.
Proof. It follows from Proposition 2.4 that if the couple (1, ∞(X)) has the BPBP, then the
couple (1,X) has the BPBP.
For the other implication, we assume that the couple (1,X) has the BPBP. Let β() and η()
be the positive numbers that appear in the definition of the BPBP. Suppose that
‖T x0‖ > 1 − η()
for T ∈ SL(1,∞(X)) and a point x0 ∈ S1 . Let Fj and Qj be the same notations as in the proof
of Proposition 2.4. There is j0 ∈ N such that ‖Qj0T x0‖ > 1 − η(). By the assumption, there
are an operator Sj0 : 1 −→ X and u ∈ S1 such that ‖Sj0‖ = ‖Sj0u‖ = 1, ‖Sj0 −Qj0T ‖ <  and‖x0 − u‖ < β(). Define S : 1 −→ ∞(X) by
S =
∑
j =j0
FjQjT + Fj0Sj0 .
Clearly ‖Su‖ = 1 and ‖T − S‖ < . 
Take Xn = R and Yn = Y , a strictly convex Banach space isomorphic to 1 for every n ∈ N.
The couple (1, ∞(Y )) cannot have the BPBP, because Y doesn’t have the AHSP. But the couple
(R, Y ) always has the BPBP.
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